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Table 1. Computational formulas for the Romberg coefficients 

Romberg algorithm is a much better algo· 
rithm. tn general, R(N,N) requires much 
less computation than R(2'N ,1) and is 
more accurate. This is true because the er-
ror terms from two different approxima· 
tions of the integral (R(N,k) and R(N + 1,k)} 
generate a better approximation to the in· 
tegral (R(N + 1,k + 1)). 

The computational formulas for the 
Romberg algorithm may appear a bit for-
midable, but see how short a program can 
produce the Romberg triangular coeffi-
cients . The number of subintervals into 
which we divide the limits of integration is 
inversely related to the step size. It 
shouldn't take too long to convince your-
self that the step size, h, equals (b- a)/2tn. 
This Is the size of the delta x we are using . 
The formulas to calculate the new coef. 
ficlent R(i,j) and R(i, 1) appear in Table 1. 

This translates Into the short programs 
shown in Program Listings 2a (Disk Basic 
version), and 2b (Level 11 Basic version) . As 
written, the programs generate and 
display all the Romberg coefficients. You 
may omit the display if you don't care to 
see them. It might be instructive to see 
how the numbers converge to the integral. 
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Applications 
There are many applications for numer· 

ical integration; I will present only a 
few here. 

First, let's use the Romberg algorithm 
to estimate the value of pi (rt). We know the 
area of a circle is rt' rt2. If we choose a unit 
circle, its area should equal rt. Let's look at 
only 'I• of the circle, the area in the first 
quadrant. This is shown in Fig. 6. Note 
that for each point on the curve in this re· 
gion, the x and y coordinates are related 
by the expression y equals SQR (rt2 minus 
xt2); or, since r equals 1, y equals SQR(1 
minus x t 2). You can derive this from the 
Pythagorean theorem relating the sides of 
a right triangle. If we let r be the hypot· 
enuse (the long side), and x and y be the 
other sides, the Pythagorean theorem 
says 1 equals yt2 plus xt2. Solving for y 
yields y equals SOR (1 minus xt2). Our job 
is to find the area under this curve from x 
equals O (the y axis) to x equals 1 (the 
maximum value for x on the circle}. This 
will be 'I• of the total area the circle con-
tains. Multiplied by four, the total area 
equals the value of pi. 

The integral we need to evaluate is 

4fa h-=-xr dx. If you have Disk Basic, 

use the DEF FN to define the function : 

30 DEF FNF (X) = 4 " SQA(l - xt2) 

If you use the Level II version , use: 

30 F = 4 'SOR [1 - xl2): RETURN 

Compare the results obtained with the 
trapezoid and the Romberg algorithm. Re-
member that R(N,1) is the trapezoid rule 
with N subintervals. Run an order 15 ap-
proximation (that is, run to R(15, 15)) and 
compare R(7,7) with R(15,1}. You will find 
that R(7,7) is more accurate (the value of pi 
is approximately 3.141592653589793). 

Perhaps you would like to know the 
area between two curves. Figure 7 shows 
two such curves. What Is the area be· 
tween F(x) and G(X)? The area under curve 
F(X) between a and b is JgF(x)2x and the 
area under the curve of G(X} between a 
and b is The difference of these 
two areas must be the area between them. 
To find this area, we just integrate the dif-
ference F(x)- G(X) from a to b. For exam· 
pie, it we want to know the area between 
f(x) = xt3 and g(x) = xt4 where x varies from 
0 to 1, we can use our integration program 
to generate this. Use the form 30 DEF FN 
(X) =xt3 - xt4 (version 1) or 30 
F =xt3 - xt4: RETURN (version 2). The ac-
tual area is 0.05. How close did you get? 

The Idea of work done as an Integral 
may be new to you, but it has been around 
in physics and chemistry tor quite some 
time. Newton's classical physics states 
that force equals mass times accelera· 
tion, or F equals m• A. If we apply force for 
some period of time, we ought to do some 
work. If the force is constant, then the 
work done is the force times the displace· 
ment (from x equals a to x equals b). This 
is precisely what we get when we inte· 
grate a constant from a to b. If the force is 
not constant (a more interesting and real· 
istic situation}, then the integration be· 
comes more complex. 

An example of constant force is gravita-
tional attraction. How much work is done 
by gravity when you throw a five-pound 
object straight up 15 feet and gravity pulls 
it down to earth? Gravity does some work 
slowing down the object, and then it does 
some work bringing it back to earth. If you 
throw it from a height of six feet (since you 
are standing when you throw it), the work 
gravity does bringing the object to a halt 
at 15 feet is - 5" (15-6) equals - 45 ft-lbs. 

Figure 6 Figure 7 
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